Abstract. In this paper, we study the cohomology of the Morava stabilizer algebra S (3). As an application, we show that for p ≥ 7, if s 0, ±1 mod p, n 1 mod 3, n > 1, then ζ n γ s is a nontrivial product in π * (S ) by Adams-Novikov spectral sequence, where ζ n is created by R. Cohen [1], γ s is a third periodic homotopy elements.
Introduction
In this paper we adapt the well-known framework of classical Adams spectral sequence, AdamsNovikov spectral sequence and chromatic spectral sequence, as described in [11] . Fix p an odd prime. Consider the corresponding Brown-Peterson spectrum BP, of which the coefficient ring π * (BP) is denoted by BP * , and the BP-homology of the spectrum BP is denoted by BP * BP. There is a well-known Hopf algebroid structure over the pair (BP * , BP * BP).
Let K(n) * be the coefficient ring of the n-th Morava K-theory, Σ(n) = K(n) * ⊗ BP * BP * BP ⊗ BP * K(n) * , and S (n) = Σ(n) ⊗ K(n) * Z/p be the n-th Morava stabilizer algebra. Σ(n) and S (n) have obvious coproducts induced by that of BP * BP, making them Hopf algebras.
At an odd prime p 5, the cohomology of Hopf algebra S (3) has been studied by Ravenel in [12] , where he gave the Poincare series of H * S (3) and listed the generators bellow dimensional 5. It is also studied by Yamaguchi in [15] .
In this paper, we redetermine the Z/p-algebra structure of H * S (3), i.e., the Z/p-algebra Ext S (3) (Z/p, Z/p)
for p > 5 in another way, and apply this result to detect a nontrivial product in the stable homotopy groups of spheres. It will become clear that the algebra structure, rather than the underlying Z/p-module structure of H * S (3), is essential to our application. We define a May-type filtration upon S (3) in such a way that E * , * (3) = M 0 F * ,M S (3)/F * ,M−1 S (3) becomes a primitive generated Hopf algebra. This filtration gives rise to a May spectral sequence {E where I n+1 = (p, v 1 , · · · , v n ), the ideal generated by p, v 1 , . . . , v n . By convention, we also set v 0 = p and I −1 = 0. Furthermore, we let
denote the connecting homomorphism corresponding to the short exact sequence above, and for t, n > 0, let α
Conventionally we denote α (n) t for n = 1, 2, 3 by α t , β t , γ t , respectively. Toda ([13] , [11] ) proved the following From now on we consider γ t also as the element in π * (S 0 ) that it represents. This is the first factor of the product that concerns us.
The other factor is first detected with the classical Adams spectral sequence by Cohen ([1] ), which he denotes by ζ n with n ≥ 1, a permanant cocycly of bi-degree (3, 2(p − 1)(1 + p n+1 ).
Our structure theorem of H * S (3) leads to the following
We briefly explain the idea of the proof of Theorem 1.2. Let A * be the dual of the mod p Steenrod algebra and consider the mod p Thom map
where the latter is the Eilenberg-Maclane Spectrum associated to Z/p. This map induces a homomorphism
is a permanent cycle in the classical Adams spectral sequence and it converges to ζ n in π * S 0 . From the Thom map we find that it was α 1 (β p n /p n + x) ∈ Ext BP * BP (BP * , BP * ) that converges to ζ n in the Adams-Novikov spectral sequence.
On the other hand, consider the map BP → K(3), where K(3) is the 3-rd Morava K-theory. By the change of ring theroem in Chapter 5 of [11] , we have a homomorphism
3 ] of rings. We find the images of the representation of α 1 (β p n /p n + x) and γ s under ϕ and show that the product of their images reduction in H * S (3) is nontrivial This implies that α 1 (β p n /p n + x)γ s and then ζ n γ s is nontrivial in Ext BP * BP (BP * , BP * ) (resp. π * (S )). This is why the algebra structure of H * S (3) is essential.
This paper is organized as follows. In section 2, we define a May-type filtration upon the Hopf algebra S (3) and consider the corresponding spectral sequence {E
we recompute the cohomology ring of the Morava stabilizer algebra S (3) with the spectral sequence constructed in section 2. In section 4, we prove that the product ζ n γ s ∈ π * (S 0 ) is nontrivial. 
One can easily prove that
and
It is convenient to give some specific examples:
where
because v 3 is sent to 1. The structure map ∆ : S (3) → S (3) ⊗ S (3) acts on t s as follows
(2.4)
Definition 2.1. In the Hopf algebra S(3), we define May filtration M as follows:
Let F * ,M S (3) be the sub-module of S (3) generated by the elements with May filtration no larger than
is a primitively generated Hopf algebra, where T [ ] denote the truncated polynomial algebra of height p on the indicated generators, and each t p j s is a primitive element.
In general, the generator
Let F * , * ,M denote the sub-complex of C * , * S (3) generated by the elements with May filtration not greater than M. Then we obtain a short exact sequence
of cochain complexes, where E * , * ,M 0 denote F * , * ,M /F * , * ,M−1 . The cochain complex E * , * , * 0 is isomorphic to the cobar complex of E * , * (3) given in (2.5). Let E s, * ,M 1 be the homology of (E * , * ,M 0
gives rise to the May spectral sequence {E 
The homological dimension of each element is given by s(h i, j ) = 1,s(b i, j ) = 2 and the degree is given by 
In the E 1 -term of this spectral sequence, we have the following relations:
Proof. From [11] , we can see that for the truncated polynomial algebra T [x] with |x| ≡ 0 mod 2 and x primitive,
where h ∈ Ext 1 is represented by [x] in the cobar complex and b ∈ Ext 2 by
Notice that the E 0 -term of the spectral sequence is isomorphic to the cobar complex of E * , * (3) given by (2.5), we see that
Thus, the May's E 1 -term
Notice that d 0 (t ) =5p + 1.
By induction we see that for s = 1, 2, 3
(2.8)
Each b s, j is the boundary of the first May differentials. 
The first May differential is given by
Proof. From the May's E 1 -term we define a filtration, for each n 1
(2.9)
The filtration gives rise to a spectral sequence and thus gives the theorem.
To compute the E 2 -page of the May spectral sequence
we will give a filtration on the exterior algebra F(n) = E[h i, j |1 i n, j ∈ Z/3] for n = 2, 3. This filtration gives rise to a spectral sequence and the spectral sequences allow us to compute H * (F(2)) from H * (F(1)) and then compute H * (F(3)) from H * (F(2)) (cf [12] ).
Let
, the sub-module generated by elements of homological dimension i, and h n, j k h n, j l if j k j l . Then in F(n) for n = 2, 3, let
then we have the following statement.
Theorem 2.4. (cf [12] (1.10) Theorem) The spectral sequence induced by the filtration (2.8) converges to the cohomology of F(n)
, and its E 1 -term can be described as
The differential is given by
and the first differential is expressed as
where x is a cohomology class in H
* E[h i, j |1 ≤ i ≤ n − 1, j ∈ Z/3].
The cohomology ring of Morava stabilizer algebra S(3)
In this section we recompute the cohomology of S (3) at prime p > 5, with the add of the May filtration given in definition 2.1. First we consider the differential graded algebra
whose differentials defined by
for any monomials x, y and |x| denotes the homological dimension of x. To calculate the cohomology of
], we will inductively calculate the cohomology of F(n) for n = 1, 2, 3 as it is indicated by Theorem 2.4.
and we have the spectral sequence E * , * , * , * 1
From this spectral sequence one can easily get the generators of H * E[h 2,i , h 1,i |i ∈ Z/3], they are listed as follows: 
From Theorem 2.4 we have the spectral sequence E * , * , * , * 1
with the first differential
To calculate the E 2 -term, we denote the generators
, and the generators in E 1 -term can be written as one of forms x, h 3,i x, h 3,i+1 x, h 3,i+2 x, h 3,i h 3,i+1 x, h 3,i+1 h 3,i+2 x, h 3,i+2 h 3,i x, and h 3,i h 3,i+1 h 3,i+2 x, where x is some generator of
By (3.2) and the product relations with e 3,i in Table 3 .1 we can compute the first differentials then get the generators of the E 2 -term. And each generator is the lead term of a cocycle in E[h 3,i , h 2,i , h 1,i |i ∈ Z/3]. All of the cocycles determined by the generators of the E 2 -term are the generators of the complex. With isomorphic classes and base change we get the generators of
, . Also by the relation among cohomology degrees, inner degrees and May filtrations, we know that as a ring, H * S (3) H * E[h 3,i , h 2,i , h 1,i ]. Therefore, we are able to determine the ring structure of H * S (3).
Summarizing the results above, we have the following
} satisfying the product relations given in the appendix. Its Poincaré series is (1 + t) 3 (1 + t + 6t 2 + 3t 3 + 6t 4 + t 5 + t 6 ).
A nontrivial product in stable homotopy groups on spheres
In this section, we turn to the nontrivial products in stable homotopy groups on spheres as an application of the algebraic structure of the cohomology of the Morava stabilizer algebra S (3) in the AdamsNovikov spectral sequence.
The canonical homomorphism BP * → K(3) * , which sends v 3 to itself, and other v i 's to zero, induces a homomorphism
In the cobar complex C Σ(3) , we have d(v 3 ) = 0. In other words, the differential d is v 3 -linear. Furthermore, since we have 
where β sp k / j is defined as in [11] .
For any s
Proof. In the cobar complex C * BP * BP BP * , by (2.1), (2.2) and (2.3), we get Here we lose the products that equal to zero and the proof which is trivial but tedious.
dim3:
e 4,i · h 1,i+2 = e 4,i+2 h 1,i ∈ {e 4,i h 1,i+1 |i ∈ Z/3}, k i · h 1,i = −g i h 1,i+1 
